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Abstract: 

        The cone represented by the ternary quadratic Diophantine Equation  
222 365)(3 zyxyx   is analyzed for its patterns of non-zero distinct integral 

solutions. Substitution technique and factorization method are utilized to obtain the 

same.  
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Introduction: 

      The Diophantine equation offers an unlimited field for research due to their 

variety [1-3]. In particular, one may refer [4-11] for quadratic equations with 

multiple variables. This communication concerns with yet another interesting 

equation 222 365)(3 zyxyx     representing homogeneous quadratic with three 
unknowns for determining its infinitely many non-zero integral points. 

 

Method of analysis: 

     The homogeneous ternary quadratic Diophantine equation under considerable is 

                                                  222 365)(3 zyxyx                                                          (1) 

Choosing  

                      YyXx 6,6                                                                                      (2) 

 in (1), it is written as 

                        
222 365)(3 ZXYYX                                                                    (3) 

Introduction of the linear transformations 

                       0,,  vuvuYvuX                                                              (4)  

 in (3) gives 

                                          222 11 zvu                                                                   (5)  

The above equation (5) is solved through different ways to obtain .&, zvu
  

In view of (4) and (2), the corresponding values of  
yx ,  satisfying (1) are obtained. 

 

Way 1: 

             Let  

                         22 11),( babazz                                                                                                      (6) 
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Using (6) in (5). Employing factorization and equating the positive factors, one has     

                                 

                              2)b11ia(v11iu                  

                                              
abbag

babafwherebagibaf

2),(

11),(),(11),( 22




                                      

Equating the real and imaginary in the above equation, we get 

                             ),(,),( bagvbafu   

From (4) and (2), one has 

                             
)),(),((6)(66

)),(),((6)(66

bagbafvuYy

bagbafvuXx




 

  Thus, (7) and (6) satisfy (1) 

Way 2: 

                       Write (5) as 

                                  1*11 222 zvu                                                                                                (8) 

The integer 1 in (8) is written as the product of complex conjugates as below 

                               
36

)115()115(
1

ii 
                                                                                      (9) 

Substitute (6) and (9) in (8). Employing factorization and equating  

positive factors , one has 

                                          

)),(11),(()115(
6

1
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6
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 Equating the real and imaginary in the above equation, we get 

                               

 

 ),(5),(
6

1

),(11),(5
6

1

bagbafv

bagbafu





 

Now from (4) and (2), we have 

                               
)),(16),(4)(66

),(6),(6)(66

bagbafvuYy

bagbafvuXx




                                                     (10)   

Thus, (10) and (6) satisfy (1). 

 

Note: 1 

 The integer 1 on the R.H.S of (8) may be written as the product of complex 

conjugates as shown below 
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Way 3: 

                        1*11 222 uvz                                                                                                           (11) 
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Assume 

                           )11()11(11 22 bababau                                                                      (12)                

 

The integer 1 in (11) is written as 

                           25

)116()116(
1




i
                                                                                          (13)                   

Substitute (12) and (13) in (11). Employing factorization and equating  

positive factors , one has 

                              
22 11112()116(

5

1
11 babavz   

Equating the rational and irrationals in the above equation, we get 

                                

 

 abbav

abbaz

12)11(
5

1

22)11(6
5

1

22

22





                                                                       (14) 

As our aim is to obtain integer solutions, replacing a by a by 5A, b by 5B in (12) 

and (14), one has 

                                
 
 ABBAv

ABBAz

12)11(5

22)11(65

22

22




                                                                       (15) 

 

From (4) and (2), we have 

                                
 
 ABBAvuYy

ABBAvuXx

60330206)(66

60220306)(66

22

22




                                       (16) 

 Thus, (15) and (16) satisfy (1).                              
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Note: 2 

Apart from (13), the integer 1 on the R.H.S of (11) may be written as following: 

                            222
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Conclusion: 

                In this paper, we have made an attempt to obtain all integer solutions to 

(1). To conclude, one may search for integer solutions to other choices of 

homogeneous, non-homogeneous cones. 
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